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ABSTRACT

Kinematics + thermal expansion —

—> temperature gradient always causes elastic stress



Standard kinematics:

reference frame, reference tg, reference state/configuration:
material point P «— its position X at tg

at t, its position is x = X 4 uy, . +(X)

For small strains:

Cauchy strain: E2"Y — (W ®@V)> V=V=V]

to—t

with the property
V x EF2UY « v =0

to—t

(Saint-Venant compatibility condition)



For nonsmall strains:

Deformation gradient: F; _; =1+4+u, 0V

Left Cauchy-Green = Finger deformation tensor:
Bt0—>t — Ft0—>tFtTO—>t

Strain tensors: for any number n,

n 1 n/2 0 1/2
Ego)—nf — (Bto/—>t - 1) ; Ezgo)—nt = In Bto/—>t
Elasticity:
o = 2 Eg)a_u)ihy (K — 2G) (trEg)aiihy) 1,
o = 2G E%"Lt + (K — £G) (trEgth) 1
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The recent approach to kinematics: (Filop—Van, 2010)
Material point: X attg — P €C (material manifold)
Motion: wu,_+(X) —— att, P is at spacetime point 7¢(P)

Local geometry of the motion:
F,, . =1+u, 8V — J:(P)=(r:eV)(P)
Current metric (flat): ? — di(P, Q) = ||7:(Q) — re(P)]l4,

h,=J hJ,.

~

Solids: relaxed /natural metric: 7 — g



Kinematic quantity for elasticity:

How far is the current metric from the natural metric:
Elastic shape: A; =g ‘h,, A, =J,AJ}
Deformedness: D, = In Ai /2

~

In the natural /relaxed state: h, =g, A,=1, D;=0

Elastic constitutive relation:



The possibility for h, =g = g also flat: its R*° = 0.
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Small deformedness: D < 1 :

V x D x V + (higher order terms) = 0

(recall V x Ef?"™Y x V=0 )

to—t

Connection to the conventional kinematics:

F, . = JtJt_Ol

to—

The initial state is not relaxed, in general;

A, =F, Ayl F;ro_>t (compare to B, ,_; = Ft0_>tFtTO_>t )



Thermal expansion:

g(T) = Ao, T) g(To) AToT) : thermal scaling factor
It T~ T() .

AT, T) 1+ oz(TO)(T _ To)]2 ~ 1+ 2a(TO)(T —Tp)

a'T0) : linear thermal expansion coefficient at Tp

It T() at to, T at t:

At Ft0—>t Ato Ft0—>t

A(To T)



If TwTy, Di<1, Fyy L, =1:

D;~3(A—-1)~ %(FtO%tF;rOHt —-1) -3 (A(TO’T) - 1)1

~ ECauchy o Oé(TO) (T L TO) 1 7

to—t

and o =2GD¢ + (K — %G) (trD:) 1 expands to

or ~ 2GE;™MY + (K — 2G) EpMY — 3K To/(T — Ty)1

to—t to—t

the Duhamel-Neumann expression



(To,T) makes g space-and-time dependent

A general result: A
—> g is no longer flat
—> g cannot be equal to any I~1t
RRicci _ RRicci +
A=1
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